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Abstract 



. 1 Introduction 

> 

vQ . The study of multilinear Fourier multipliers has it origins in the work of R. Coifman 

\Q ' and Y. Meyer (see for instance [8]) and it has been a prolific and active area of research 

f^ . since the innovative work of M. Lacey and C. Thiele (see e.g. ||T9l ) on the boundedness 

._b ' of the bilinear Hilbert transform. The literature in this subject is currently vast, so we 

f^ . will confine the references to those works in direct connection with the contents of this 

m \ paper. 

The main body of activity in multilinear theory have consisted of proving multilin- 
ear counterparts of classical linear results. Such is the case of the theory of multilinear 
Calderon-Zygmund operators (see the seminal paper [jITl ), and of Hormander-Mihlin 
multilinear multipliers (see II17II23I ). More recently, a weighted theory for such opera- 
te . tors is being developed (see lllllll4|[r6ll20ll2Tl and the references therein). 

Within the development of the multilinear theory, and of direct relevance to this 
paper, there has been quite a few studies in establishing multilinear versions of de 
Leeuw's type restriction results 19] on Lebesgue and Lorentz spaces ||4ll5] fT0ll24ll . More 
specifically D. Fan and S. Sato ifTOl Theorem 3] developed a multilinear counterpart of 
C. Kenig and P. Tomas ITSll generalisation of de Leeuw's result for maximal operators 
associated to a family of multipliers given by the dilations of a given one. To be more 
precise, they prove, in the particular bilinear case, the following: 
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Theorem 1.1. Let m be for a given continuous function in R and let Ty denote the bi- 
linear Fourier multiplier operator associated to va{rB, ,rr\). Suppose that sup^^g | Tr (/i , /2 ) (x) 
is a bounded operator mapping L^i (M'') x L''^ {W') to LP {W'), with J- + J- = i, with 

1 ^ Pl,P2 < °°- Then, the same holds for the maximal operator on L'^' (T ) x L''-{T ) 
associated to the multipliers given by {in(rA:i , rk2)}i^ k-^eZd- 

The authors developed also similar results for operators of weak type. Moreover, 
L. Grafakos and P. Hondfk |fT3]| obtained a generalisation of Fan and Sato's results for 
general families of multipliers. 

In the linear setting, weighted linear extensions of de Leeuw's results have been 
developed by E. Berkson and T.A. Gillespie |[3|, K. Andersen and P. Mohanty UJ and 
by M. Carro and the author |I6][7] for certain type of weights. 

The purpose of this paper is to extend the transference results of Fan and Sato ifTOl 
and Grafakos Hondzik 1 1 3 1 to multilinear maximal operators associated to a family 
of multipliers of either strong or weak type, acting on products of weighted Lebesgue 
spaces. In particular, we generalise Theorem 1 1.1 1 to weighted settings for a certain 
family of weights. 

Note that many interesting cases of multilinear operators can map Banach Lebesgue 
spaces into L'' spaces with < p < 1 . This is an obstruction whenever one tries to study 
certain properties of multilinear operators, as it prevents to use arguments where the 
Banach structure is crucial. The methods developed in this paper allow to get around 
the difficulties that can arise from lack of convexity in the target spaces. 

The paper is organised as follows: In i]2]we introduce the basic notation and state 
our main result (Theorem l2 . 3 I below). whose proof we develop in ^ Finally, in the last 
section, to illustrate the applications of our main result, we give periodic counterparts 
of the results of L. Grafakos and R. Torres llT6l on Coifman-Meyer multipliers, M. 
Fujita and N. Tomita ifTTI regarding Hormander-Mihlin type multilinear multipUers 
and N. Michalowski, D. Rule and W. Staubach jTH regarding multipliers in the bilinear 
Hormander class S'"q. 

2 Notations and main result 



We shall denote by T*^' the topological group M''/Z'', which can be identified with the 

i i^ 

2' 2> 



cube [0, 1)'' or the cube [— i, A)'' eventually. Functions on T'' will be identified with 



functions on M'' which are 1 -periodic in each variable. 

When < p <°° the Lebesgue spaces LP(R'') and LP{T'') will be the usual spaces 
corresponding, respectively, to Lebesgue measure on M.'^ and to T'^. 

A weight on W' is a locally integrable function with respect to the Lebesgue mea- 
sure w '.Mf' ^ [0,°°) such that < w < oo a.e. We shall write LP{W' ,w) for the space 
of functions / defined by the quasi-norm 



LP{Rd^«-)= / \f{x)fHx)dx 



By abuse of notation, for any measurable set E, we will write w{E) = /^ w{x)dx. We 
consider the weak-Lebesgue space L'^'°°(R'', w) to be the space of functions defined by 



the quasi-norm 

11/11^.. =supfw({x: \f{x)\>t})"'\ 
r>0 

Whenever w is 1 -periodic on each variable, similar definitions hold for the spaces 
L/'(T',w)andL/'-"(T',w). 

We shall designate by "^,(^'0. '^"(K'') and "^"(K'') the spaces of continuous 
functions with compact support, the space of infinitely differentiable functions, and 
the space of infinitely differentiable functions with compact support respectively. A 
function g : T'' — >■ C such that for a finitely supported sequence {ak}j^^^d of complex 
numbers is written as 

kezd 

is called a trigonometric polynomial and we write g G P(T''). 

As is well known ^^"(K'') is a dense subset in LP{W\w) for any weight w and 
any I < p <°°, and also that P{T'') is dense in LP{T'\w) for any weight w 1-periodic 
on each coordinate. Observe that for such weight the local integrability implies that 

For any function /, we shall denote by / the Fourier transform of /, whenever it is 
well defined. By abuse of notation, we will represent also by g the Fourier transform 
for any periodic function g. Thus, for f & L^ {W') 

M)^ I f{x)e^'"^'Ax, for all ^ e R'' 

andfor^eLi(T'') 

gik)^ [ g(x)e2;rto^^ foralUeZ^. 

From now on, A^ stands for a natural number greater or equal to 2. For a given function 
m e Lr{M.^''), we denote by T^ the A^-linear operator given by 

7i„(/i,...,/«)W-/^ m(^i,...,^^)n/;(^,).2-(«'+---+«">d|, xem", 

for/i, . ..fN& ^"(M''). We say that T^ is a (A^-linear) multiplier. Similarly, for a given 
m G L°°{Z^''), we denote by Tm the A^-linear operator defined by 

1^igU...,gN){x)= I m{ku...,kN)flmi)e^'''^'^+-+'-y\ xeT', 
kt,...,kfjel-'' 1=1 

forgi,...,gNeP{T''). 

Let ^ denote a countable fixed set of indices. For a given family {my}yg,^ of 
bounded functions in K.'^'', we consider the maximal operators associated given by 

M(/i,...,/«)(x) = sup|r™.(/i,---,/7v)W|. (2.1) 



Observe that if there exists a function K EL^ {M?^) such that m = k, then T^ coincides 
with the operator given by 

f ^ 

BKifi,---,fN)ix)^ K{xi,...,XN)Y[fjix-Xj)dxi...dxN. (2.2) 

Similarly, we define for {myj^g,^ C U°{JJ^^') the associated maximal operator as 

'^{g\,----,gN){x) = sup |Tni^(§i,...,gA,)|. (2.3) 

For simplicity on the notation, we will omit the dependency on ^ and {111^}^^,^ of the 
definition of M and 9Jt. From now on, unless stated to the contrary, we will restrict our 
attention to indices 1 < pi,---PN <°° and < p < 00 satisfying 

1 1 1 

— + ... + — = -. (2.4) 

Pi PN P 

Definition 2.1. We say that m G U°{W"^) is normalized if for any ^i,...,^^ & R'', 
limm * 4>„(^i , . . . , ^w) = ni(^i ,...,^n), 

n 

where (pn{x) = (p{x/n),(pe%7{W'),ip>0and\\ip\\^ = \,^„{^U---,^N) = X\tl^n{^l) 
and * denotes the usual convolution in . 



Observation 2.2. It is easy to see that any continuous and bounded function is also 
normalized. Observe that in particular, for any normalized function m, the point-wise 
evaluation 

va\^Nd = {ni(^i , . . . , kN)}i,^j,j^f,-^d , 

makes sense as the point-wise limit of continuous functions. 

The main results of this paper concerns transference of the boundedness of maximal 
normaUzed multipliers acting on weighted Lebesgue space and can be stated as follow. 

Tlieorem 2.3. Let w, wi for I ~ I,. . . ,N be l-periodic weights and let {niy| . ^ be a 
family of normalized functions. Let M be the associated maximal operator defined as 
in (12. Il l and let 9JI be the maximal operator as in (12.3b associated to {m^ j^wrf } p ^■ 

i. If there exists a constant 9T such that 

N 



l|M(/i,...,/«)||^,(R..,,) <ainil//llz,/',(R^,„,), (2.5) 

for any f 6 LP' {W' ,wi), I ^ I,. . . ,N, then 

N 

foranyg,eLP>{T'',w,),l = l,...,N. 



2. If there exists a constant ?t such that 



I|M(/i,...,/n)||^„..(„.,„.) <9Tni|/,||^„,(jj.,„„^), (2.7) 



for any f e LP' {W' ,wi), I ^ I,. . . ,N, then 

N 

n 

1=1 

Vd 



m{gU---,gN)\\u,.^ij,,,,)<Cp^Y\\\glh',(T^,„,). (2.8) 



for any g, € LP' (T^, w;), l^l,...,N. 

In both cases, cp is a constant depending only on p — (p,pi,. . . , p^). 

Definition 2.4. For a given family of normalized functions {niy} . ^, we shall denote 
by ^{{mjj .^), {respect. W{{mjj >-«■)) the least constant satisfying (12.51 1 (resp. 
(lO l). 

Observation 2.5. Observe that the previous result can be applied also to the case 
of a single multiplier by taking ^ to consist in one element. Observe also that for 
w = w/ = 1 the previous result recovers Fan and Sato's 1101 Theorem 3] and Grafakos 
and Honzi'k ifTJl Thm. 2.2]. 



3 Proof of Theorem 2.3 



For the sake of simpHcity, in the exposition, we shall restrict our proofs to the bilinear 
case (A^ = 2) as it contains the main ideas of the development and the arguments can 
be easily extended to any N >2. 

We start by proving a weaker version of Theorem 12.3] where we assume stronger 
conditions on the multipliers. To this end, we need to recall the so called Kolmogorov 
condition (see IIT2I p. 485]). Let ^ be W^ or T''. For any q < p, we have the inequali- 
ties 

II/IIl/-(^.vvO<™p||/X£||„(.^,,)w(£)V/'-V?<c,,,,||/||^,..(_^^„,^^ (3.1) 

where the supremum is taken on the family of sets E with < w{E) < °o and cj^^q = 

Tlieorem 3.1. Let w, wi for I ^ 1,2 be I -periodic weights and let Vaij } -^^ satisfying 

that, for each j, there exists Kj G L'(M ) with compact support such that Kj{^) = 
Tnj{^) for every ^ G R . Let M be the associated maximal operator defined as in 
(12.1b and let 5Jt be the maximal operator as in ( I2.3l l associated to {inj\^2d } ■, ^. 

Assume that there exists a constant 91 such that (12.51 ) (respectively ( 12 7l l) holds. 
Then (I2.6l l (resp. ( I2.8l l) holds where Cp — 1 (resp. cp ~ inf(^<p Cp,q). 



Proof. By Fatou's Lemma, without loss of generality we can assume that ,^ is a finite 
family of indices ,^ = {!,... ,J}, where / G N. By sake of brevity we are going to 
prove only the weak case. The strong case is obtained in a similar way with minor 
modifications in the proof, so we omit the details. 

It is easy to see that ( 12.71 ) yields that for every 9 e [0, \Y 



<^n \\fi\\mw.^M-+e))- (3.2) 

LP.°°(R<',w(-+e)) '=1'2 

whereB/f^.(/i,/2)(x) = /ig2<//:y(jci,X2)/i(x-xi)/2(x-X2)dx:idx2asin(|221l. Let§/(0)=: 
Zka[e^''''''^ G P{T') for /= 1,2. Consider 



sup \BKj{f\j2)\ 
\<i<J 



TKji8u82)iO) = / Kj{xi,X2) n ^/(0-x/)djfidx2. 

Observe that Tk coincides with the bilinear multiplier operator T^ i ^^, where vaj\^2ci 

is the sequence given by {ni/(^i,^2)},ti,/i2eZ''- 

Let r > big enough such that supp Kj C Qr y- Qr for j = !,...,/ where Qr = 
{—r^rY'. Fix any q < p and for any measurable E C [0, 1)'', define E = [Jj^^^^dE + k as 
its 1 -periodic extension and, fixed G T"^ let Eg = {x G K'' : x + G £ } . Denote by 
Rxg{0) = g{6 +x). The translation invariance of the Lebesgue measure yields 



sup \TK.{gUg2)\XE 
l<j<J 



L« (¥'',»•) 



sup \R,TKj{gug2)ie)\'w{x+e)xE{x+e)de. 



for every x G M . Therefore, for every s >0, integration yields 

1 



sup \TK.{gUg2)\XE 
l<j<J 



L'HJd.w) 



(3.3) 



sup \R,TKjigug2){0)\'w{x+e)dxdO. 
Since supp Kj C Qr^- Q, for j = 1 , ... ,7, it follows that we can write 

R.TKj{gug2){e)^BK, {R(.)gmxQr,..R(M^)XQr,s) W> 

for any x G Qs- Therefore, by (13. 2t and (13. Il l, the term in (13.3) is bounded by 



{2sY 

Since 1 = (l 
bounded by 



c%W 



T'l [JEgnQ, 



w(x+ 0)dx 



'-f> 



1=1.2 I-'Qh 



i^.*(0)r'w/(x+0)dx 



d0. 



-, Holder's inequality yields that the previous term is 



(2.) 



Jd jQ.nEg 



w(x+0)dxd0 



} n{ 

J 1=1.2 L 



, |/?.vg/(0)r'w,(x+0)afM0^ 

T-* Jq,+., ) 



Exchanging the order of integration, the term in the first curly bracket is equal to 



T'' JQ. 



XE{x+e)w{x+e)dxde\ ' =w(£)'"^(2i)''''"P, 



and we have 



JTd Jq,+, 

Thus, for any s>0. 



sup \TKXgl.g2)\XE 
l<j<J 



R,g,{e)\"'wiix + e)dtde \ = {2{r+s))"i ll^/ll^,,,;^'',,.) 



<c„,,mr-^]"w{E)^-i' n killLPiT^..,) 

Ll(T',w) ^ ^ '=1.2 



Therefore, taking s — ^ +0° and using ( 13. It we have 



sup \TKj[g\,g2)\ 
l<j<J 



< Cp.q^Wgl \\Ll'liTl,Wi) II^2||lP2(T'',h'2) ' 



LP-°°(T'',n-) 

from where the result follows considering inf^<pCp_g. 



D 



The next step is to weaken the hypothesis assumed on the multipliers m^. To this 
end we shall give some previous technical lemmas. The following result holds for 
general measure spaces (./#,/i) and (./#,-, /iy) j ~ 1,2. 

Theorem 3.2. Let {Tj}j be a countable family of bilinear operators which satisfies 
that there exists a constant D^ such that for any f S L''' (.^; , /i/ ) with I = 1,2 



sup|r;(/i,/2)| 



where pi,P2^ P- Then 



< ^ll/l|lL/'l(.^l,dAii) ll/2lL"2(^2,dAi2) ' (^■'^) 



LP{^,djx) 



1/2 



sup E|7;(/i,^,/2,/)l' 

i \ kl 



<c 



P-Pl:P2 



mU 



U'i.^,dn) 



1=1,2 



1/2 



V k 



(3.5) 



where Cp.pj.p^ is a constant depending on p,pi,P2- 



Proof. Without loss of generality we can reduce us to prove the result for j in a finite 
set of indices {1, . . . ,/}, and for {/;^a} with a finite number of elements for I ~ 1,2. 
Khintchine's bilinear inequality ll22l Appendix D], bilinearity and (13.4b yield that the 



left hand side term in ( 13.5b is bounded by 



< 



< 



^l 



^l 



«n 



sup 



[0.1]2 



[o.il- 



sup 



Y^rk{s)n{t)Tj{f,,,j2j) 



k.l 



^Ip 



As At 



Al V JO 



Tj Er,(5)/i,,,^n(0/2./ 



LoW/i.* 



As 



LPl 



k 



LP 

P \ l/P 

didf I 

v ) 
p \ ^Ip 
At\ , 

Ll'2 / 



for a certain universal constant Ap depending only on p. Since for I = 1,2, pi > p, 
Holder inequality and Khintchine's inequality yield 



7; 



k 



As < 



LPl 



Y,''ki^)fl-k{x) 
k 



PI 



Ajii {x)As 



<B„ 



1/2 



V k 



LPl 



for a certain constant B,,, depending only on pi. Hence the result follows with Cp,p^ p^ = 
Bp.BpjAp. ■ D 

A direct application of the previous theorem in combination with (13. Il l yields the 
following result. 

Corollary 3.3. Let {Tj} j be a countable family of bilinear operators which satisfies 
that there exists a constant *Jl such that for any f S LP' with / = 1 , 2 



sup|7}(/ij2) 



< ^ll/l llLPl(R'',d^i) ll/2|L''2(R'',d^2) : 



LP-°°{M'',d/i) 



where p\,P2 > P- Then 



sup El 7}- (/i, A:, /2,/) 
J \ kJ 



1/2 



U'-°°{K''4^i) 



— ^P-Pl'P2^ 11 
/=1,2 



1/2 



Ll/al 

V k 



LPl (R'' ,d^ii) 



where Cp.p^,p2 is a constant depending on p,p\,p2. 



Lemma 3.4. Let < p,pi,p2 < °° such that - = — + —. Let T be any bounded 

operator from LP^{W' ,w\) x L'^z (M'' , W2 ) toLP{W',w) (resp. L''~(M'', w)j, with no nn 
*H. Suppose that T satisfies that 

hTifhfl) = r(T,/i , T,/2), /or any yeR'. 

Then, for any nonnegative function \f/ £ '^^c(R ), T is bounded from LP' (M , y/*wi) x 
LP2 (M«', i/A * W2) to LP (R^, 1//- * w) (resp. LP'°°{w\ \jf * w)j with norm bounded by OT 
(resp. inf^<pCp.g91j. 
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Proof. We'll prove only the weak case as the argument can be easily adapted to cover 
the strong case. Let E be any measurable set in W' such that < i//* w{E) < +00. 
Then, for any q < p. 



T{hj2){x)\''w^w{x)Ax^ j xi,{y) j^\T{f,j2){x)['w{x~y)dady 
= Jy'^)J^_ \TiT-yfi,T-yf2){x)\''w{x)dxdy, 

with i-yf{z) ~ f{z+y)- Thus, by the boundedness hypothesis, ( 13.11 ) and Holder's 
inequality, the last term in the previous expression is bounded by 

9T?|vA(y)w(£-3;)'-p f] ('y" | T_,/(x) | "' w, (x) dx V " dy 

<4,w'(r*w(£))^-^nii/'iii.,(«.,,..,)- 



1=1.2 



Then, the result follows by (13.1b and by taking the infimum for q < p. D 

Observation 3.5. Although we are not going to use this property here, let us observe 
that the previous lemma implies that if (w, wi, W2) G Ap then, {g*w,g *W\^g* W2) G 
Ap for any g G '^^^(IR ) (see II20II for the definiton and properties of these classes of 
weights). 

The next lemma is the maximal multilinear counterpart of ||3] Theorem 2.8]. We 
shall mention that it is an immediate consequence of Minkowskii's inequality, as long 
as the target space is normable, but for the general set of indices considered the con- 
vexity of the target space fails. 

Proposition 3.6. Let (p eL^ (M'') and {my} . C L°°(R''). Then { (p (Kxp * nij } . satisfies 

9t({((p®(p)*m,}^.) <c^-||<PllLi(R</)^({m;}.), (3.6) 

W"({((p®(p)*m,}^.) <c,,||(p||2,^j,,)Da*'({m,}^.) (3.7) 

where cp is a constant depending only on p = {p,pi,p2). 

Proof. For simplicity we will prove only the weak case as it contains the main ideas of 
the proof. We leave the details of the strong case to the reader Without loss of gener- 
ality, we can assume that {nij}y is a finite family of biUnear multipliers of cardinal say 
y G N. Fixed /i ,/2 G 'C(l^'')' 

{{^®^)*mj){^,^)M)f2{^)e^-^^^+^^^d^ 



Hence, 



7(,p®,p)*m,(/l J2)W < Sj{fij2){x) 



(3.8) 



Observe that if p > 1, since L'''°° is a Banach space, Minkowski integral inequality 
applied to the last expression would conclude the result with c^ = 1 . So, we can assume 
without loss of generality that < p < 1 . 

Let us first assume that (p E L^ (R'') is supported on a compact set JX^. Let 

It is easy to see that ^ , ^ , T] , 7 e R^', x e R'' 



< m; 



fl-^-^fi 



lH 



fl 



fl-^-yfl 



LH 



fl 



where Tf stands for the translation operator Then the uniform continuity of translations 
in L' (R'') and a compactness argument yield that, for each fc e N \ {0}, there exists a 



finite family {v/},^, of pairwise disjoint covering of J(f given by measurable sets 
such that J(r C l+)Jii V/' and, if / = 1 , . . . ,4 and <^ , C £ V/' then 

sup sup |F,-,,(^,77)-F,,,(C,T7)| + |F,-,,(77,^)-F,-,(77,C)|<lA. (3.9) 

For each A: > 1 let {V/}/*_i be the family of pairwise disjoint sets given above. For 
each /, select ^f G V^. Then, for every E, G J^ and any A: > 1, there exists a unique 



/ G {1, . . . ,4} such that t, G y/ and hence (Il9] l yields 



sup sup 

l<i<-l x,r]e:K' 



FUi,r])-FU^f,r]; 



1 
< -. 

- k 



Thus, by 



where A,/ = /yt |^(^)| dt^. Repeating the same argument we obtain that 



dT], 



5j(/l,/2)W< 

which yields 



2||(p 



X: AM,f, r™,(.-2-'«/7,,.-2-'«^^/2)w 



l.m=\ 



sup ^^(/i,^)!^) <liminf sup £ A/A^, Tn,^. (e-^'^'^r fue'^'''^"'- fi) {x 



i<j<j 



i<J<Jl,m=l 
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Chauchy-Schwarz inequality yields that the term in the right hand side is bounded by 



l<Pll^. 



\l.ni=\ 



xh-^"'^'- 



'/7,,Ja;.-2-«'"72 (x) 



1/2 



-4 1 k 



where we have used that L/Li'^/ = ii+i* y* \^(y)\ dy = \W\\iimd)- Fatou's lemma 
yields that 



sup 5j(/l,/2) 
1<7</ 



<II'pIIl1(M'')X 



u'-°°(m',w) 



xUminfi^ 



SUPi<,<, tt,n^, r„, JA^-2--^/ 7i , jAf.-2-«'"72 (. 



2\ 1/2 



LP-''(W,w) 



Theorem 13 .21 yields that the last term in the right hand side is bounded by the factor 
Cp.pi.pjW ( {ni;} .) which multiplies 



4 ^ 2\ 1/2 

,/Af.-2<7i J 

= \W\\0(Wl) !1/iI1l"i(h'i) II/2|IlP2(vv2)- 

Using ( 13. 8t and monotonicity, this implies that 



^4 
v'=i 



V.-2--«/V2 



2\ 1/2 



L''2(R'',w) 



sup 

i<7<y 



^((pg>(|))*m,(/l 1/2) 



L''°°(M'',w) (3.10) 

^ <^P,P1,P2*^" (''-'"■'•''J "^"i'(K'') ll/llli''l(K<',wi) II/2|Il''2(K<',h'2) ' 

which implies ( I3.7l i. 

For the general case, ifwe consider 9,, = (pXB(o,n)^ we have that {supj< •<y5'y'"(/i,/2)}„ 
is an increasing sequence of functions which pointwise converges to supi< <y 5^(/i ,/2). 
Then, the monotone convergence, ( 13.8b and the previous argument yields the result. D 

We will need also the two following technical lemma which proof can be found in 

Q. 

Lemma 3.7. Let w be l-periodic. Ifxj/ g '^c(R'0 is nonnegative, J^d g~l and supp y/ C 

[-1/2, 1/2]'', then vai^^^d \if*w{x) > 0. 

Lemma 3.8. Let w £ ^(T^) such that inf^.^^^ w{x) > 0. Consider h £ '^^^{W') satis- 
fying < h < I and /grf h = I and define h„{x) = n h{nx). Then, 

L There exists «o = nQ{w) G N such that sup,j> II/^wHm md\ < 2 'p , for any 
1 < p <°°, where ||/i,i||m md\ stands for the norm of the convolution operator 
given by h„ * f on L'' (M'' , w). 
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2. sup„||/i„||^.(jj'')- 1- 

3. For every t, e W' , lim„/!^,(<^) = 1. 

So, at this stage we have all the ingredients for proving our main theorem. 

Proof of Theorem \2.3\ Without loss of generality we can assume that {ni;}^ is a finite 
family with cardinal / G N. We are going to prove the weak case. The strong case can 
be obtained with minor modifications in the argument. 

Let { V/m}m be a family of nonnegative functions in '^lo^iW'), supported in the cube 
[—1/2,1/2]'^ such that is an approximation of the identity in L'(T'^). We can also 
assume that lim„, !//,„ * w/ (x) = w/ (x) a.e. x £ [—1/2,1 /2]^' for Z = 0, 1 , 2 where wq = w. 



Fixed m g N, Lemma|33]yields 



(3.11) 



/=1.2 



Lemma 1221 yields that for any h G ^lo^lW') such that < /? < 1 and /jj,; /; = 1, there 
exists an «„, such that, for any n > «„,, the conclusions of Lemma [TSJ hold for the 
periodic weight y/,,, * wi with / = 1,2. 
Consider now 



where <!>„ ~ (p„(S) (p„ and (p„ are functions as in Definition 12.11 Since % and h,, are 
compactly supported it follows that Kj,„ E ^^{M?'^). We also have that 



limKj^„{^u^2) =m^(^i,^2) for every ^1,^2 ^■ 



as nij is normalized and /i,, —5- 1. Furthermore ||niy,„| 



< m 



jWl- 



(3.12) 
, for any 



7 as II^ILifjtrf) < 1 and ||/in||/,==(]Krf) < 1. With these notations we have that 

BK,,„{n,f2) = r(^®^)*m//i« */i,/i« */2) for any /i,/2 G K~(K'')- 
with Bkj„ defined as in (12.2b . Then, (13.11b . Proposition l3.6l and Lemma lsTSJ vield 



sup \BKj,„ihJ2)\ 

i<i<J 



< 2/'c^9T Y\ ||//|L/';(Rrf,v/,„m7) forevery « > «„ 

Z=l,2 



L/'.°°(M<',V/„,*H') 

Thus, Theorem l3. 1 I vields that, for any n > rim and any ^1,^2 G PiT'' 



sup 



2^m,,,42rftel,^2; 



L''-°°(T'',V'„,*vv) '=1'2 



Since (13.12b implies that 
lim'I™^„(§i,^2)(0) =lim ^^ m,,„(^i,^2)?(A:i)?fe)e'"'(''+'^'' 



'Im,(gl,g2)(0), 
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Fatou's lemma yields 



sup |lm.(^b^2)| 
\<i<J 



< liminf 



LP'°°{J'',\l/„,*w) 



sup \lmjA8U82)\ 
l<j<J 



U'-°°{J'',\l/„*w) 



/=1,2 



We can now let m — > oo in the previous inequality to obtain (12.81 1 by recourse to the fact 
that 

ll^/IL'''(T<'.V'm*n-7) - \\8l\\L--{T')\\Wm* Wl - WiWi^n^jd-f + \\gl\\[^Pi (^jd ^-j 



and that hm,„ ||gm*w/ — wi\\[^iijd\ = 0, for / = 1,2 



D 



4 Consequences and applications 

In this section we give some applications of Theorem 12.31 We start by recalling the 
definition of weights belonging to the Ap{W') class. We refer the reader to llT2l for 
other properties and generalities of these weights. 



Definition 4.1. We say that a weight w belongs to the class Ap(R ), and we write 

weAi,{w')if, 



TviGi 



^^^^^^)(m/.^^^^'"^^) 



/'-I 



< °°, 



for I < p < °°, and 



supf T^y w(x)djc) ||w 'ze|L<+°°' 



where the supremum is taken over the family of cubes Q with sides parallel to the 
coordinate axis. 

We denote by Ap(T ) the family of weights belonging to Ap(M ) such that are 1- 
periodic in each variable. 



4.1 Multilinear Coif man-Meyer symbols 

We can apply our results to multilinear multipliers that give rise to multilinear Calderon- 
Zygmund operators. More precisely, as an immediate corollary of our Theorem 12.3 
we obtain the following periodic counterpart of L. Grafakos and R. Torres result [[T6l 
Corollary 3.2 and Remark 3.6] for multipliers. 



Corollary 4.2. Let 1 < pi,...,pN < °°, l/p\ 
mm{pi,...,pN). Letw ^Ap^iT'^) and let m G ^ 



. . . + 1/ Pn ~ ^I P <^nd define po 
°(R^'' \ {0}) rr^f (M^^) satisfying 



^^:-C'"(^''-'^^ 



<c 



«! ClN [\hl 



(1^1 



I^^D" 



.l«ll- 



-|«iv|, 
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for any multi-indices ai , . . . , CTat. Let K{x) = m(— x) and, for each j > 0, let vcij be the 
Fourier transform of the truncated kernel KXu ,|>2-A- Define Tj to be the multiplier 
operator associated to vaj\jNd. Consider 

r*fel,...,giv)W = SUp|r,'(gi,...,^Ar)(x)| , 

Then we have 

n:LP'{T'',w)x...x LP" (T' , w) -^ LP {T' , w) , 

and the same holds for 1j„i . Moreover, ifw G Ai (T ) then 

T^l^^, :L'(T^w) x...xL\T',w)^L'/"---{T',w). 

4.2 Hormander-Mihlin type multilinear multipliers 

We start by recalling the definition of Sobolev-type spaces. To this end, let y/ G '^(f^(W') 
be such that 

suppv'c|^eM"'':l/2<|^|<2|, £ 1/(^2-'^) - 1, V^ £ M'^'^ {0}. 
FoTmeL°°{W')let 

With this notation define, for s,si,... ,sn >0 

1/2 



|K||„.(R.„) = (^^^_ (l + |<^|^)V.(^)l'd^) 



and 



2\^./, ,. . ,,-,,. .. \l/2 



l|mi-ll//(..i .'».)(M'V")= [j^„„Il['^ + \^j\ ) ' \m{^u---,^N)\^d^i---d^N 



We can apply our Theorem 12. 3 1 to transfer the results of M. Fujita and N. Tomita 
ifTTl Theorem 1.2 and Theorem 6.2] to the periodic case. 

Corollary 4.3. Let I < pi,...,pN <°°, l/pi + ... + l/pN= l/p,Nd/2 <s<Nd and 
r = minjpi , . . . ,pn}- Assume that either 

1. r> Nn/s and w G A,.r/^(T''), or 

2. r< (Nn/s)', I < p < ^ and w^-P' £ A,y,y^j(T')- 

Ifm G L°°(K ) is normalized and satisfies sup^.^^ l|iHA||//.s(RA'rf) < °°> then Tu,! is 
bounded from LP' (T",vv) x . . . x L'''v(T^,m;) to LP{T',w). 

Corollary 4.4. Let 1 <pi,...,pN <°°, l/pi + ... + 1/pn = l/P andn/2 < Sj < nfor 
1 fi y ^ /v. Asswne that 

pj > d/sj and Wj G Ap^,^./^(T'') for \<j<N. 
Ifm G L°°(R ) is normalized and satisfies sup^.^^ l|iHA:||u(.t|.....i^)('RA'rf>| < °°; th^f^ '^m\ 
is bounded from LP' {T' ,wi) x...x LP''{T',wn) to LP{T',w) with w = Il^^i w''/^'. 
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4.3 Multipliers in Hormander multilinear class 5™ q 



We can obtain the following periodic counterparts of N. Michalowski, D. Rule and W. 
Staubach [|2T1 Theorem 3.3] for multipliers in a Hormander class 5'"'o(IR'^'0 ( that is 
multipliers satisfying ( 14.1b below). 



Theorem 4.5. Fix pj e [l,2]for j ^ I,..., N and let m e ''^°°(M™'') satisfying 

|5«'...a«^m(^i,...,^^)|<C„, „,(l + |^i| + ... + |^^|)"'-''(l«'l+-+l"~l), (4.1) 

for any multi-indices a\,..., Un, with < p < 1 and m < (p — 1 ) Y!J=i ih- 

Then for Pj < qj < °o and r > such that - ~ L;=i 7~> '^ml »,j '* ^^ hounded oper- 
atorfromUi' {T'' ,w{) x • • • x L'* {T' ,wn) to U {T'' ,w) wheneverwj eA^^yp^(T'') if 



qj < oo for j = 1 , . . . , A^, and w = H ,= 



1^ 



hj 



It is well know that any amplitude in the multiUnear Hormander class 5^ „ deter- 



mines a multilinear Calderon-Zygmund operator (see IfTSl ). Then we can transfer the 
results in Il20i Corollary 3.9] to the periodic case for obtaining the following result for 
multipliers in that class and weights satisfying ( 14.2b below. These weights are said to 
belong to the so called Api class (see 1201 Theorem 3.6]). 



Corollary 4.6. Let I < pi,...,pn <°°, l/z'i + • • • 
satisfying (14.1b with m = and p ~ I. 

Let wi , . . . , wn be l-periodic weights satisfying 



+ 1/P2 = l/p and m e '^'"{W"') 



Wj''eANp^{T) j = l,...,N, vg.GA^p(r), 



(4.2) 



p/p. 



I-P) 



where v^ = n/=i'^; ' and, when pj — 1, the condition w- ^ ^A^p. is understood 



l/N 



aswy" eAi{T'). 

L If\<pj<°°,j=l...,N, then 



% 



m|^ 



■■■■,gN) 



^(T'',v„)-'^nikiL''.(TV;)- 



2. If \ < p j < o°, j = \ . . . ,N, and at least one of the pj = 1, then 



'^m\^Nd(Sl---,8N) 



LP'-iTd^v,-;.) 



<cnik;IL''./, 



i=i 



¥'',1 



References 

[1] K. Andersen and P. Mohanty, Restriction and extension of Fourier multipliers between weighted Lf 
spaces on R" andT", Proc. Amer. Math. Soc. 137 (2009), no. 5, 1689-1697. 



15 



[2] E. Berkson, O. Blasco, M. Carro, and T. A. Gillespie, Discretization and transference of bisubUnear 
maximal operators, J. Fourier Anal. Appl. 12 (2006), no. 4, 447^81. 

[3] E. Berkson and T. A. Gillespie, On restrictions of multipliers in weighted settings, Indiana Univ. Math. 
J. 52(2003), no. 4, 927-961. 

[4] O. Blasco, M. Carro, and T. A. Gillespie, Bilinear Hilbert transform on measure spaces, J. Fourier 
Anal. Appl. 11 (2005), no. 4, 459^70. 

[5] O. Blasco and F Villarroya, Transference of bilinear multiplier operators on Lorentz spaces, Illinois I. 
Math. 47 (2003), no. 4, 1327-1343. 

[6] M. I. Carro and S. Rodriguez-Lopez, Transference results on weighted Lebesgue spaces, Proc. Roy. 
Soc. Edinburgh Sect. A 138 (2008), no. 2, 239-263. 

[7] , On restriction of maximal multipliers in weighted settings. Trans. Amer Math. Soc. 364 

(2012), no. 5, 2241-2260. 

[8] R. R. Coifman and Yves Meyer, On commutators of singular integrals and bilinear singular integrals. 
Trans. Amer Math. Soc. 212 (1975), 315-331. 

[9] K. de Leeuw, On Lp multipliers, Ann. of Math. (2) 81 (1965), 364-379. 

[10] D. Fan and S. Sato, Transference on certain multilinear multiplier operators, I. Aust. Math. Soc. 70 
(2001), no. 1,37-55. 

[11] M Fujita and N. Tomita, Weighted norm inequalities for multilinear Fourier multipliers. Trans. Amer 
Math. Soc. 364 (2012), no. 12, 6335-6353. 

[12] I. Garcia-Cuerva and J. L. Rubio de Francia, Weighted norm inequalities and related topics, North- 
Holland Mathematics Studies, vol. 116, North-Holland Publishing Co., Amsterdam, 1985. 

[13] L. Grafakos and P. Honzik, Maximal transference and summability of multilinear Fourier series, J. 
Aust. Math. Soc. 80 (2006), no. 1, 65-80. 

[14] L. Grafakos and J. M. Martell, Extrapolation of weighted norm inequalities for multivariable operators 
and applications, J. Geom. Anal. 14 (2004), no. 1, 19^6. 

[15] L. Grafakos and R. Torres, Multilinear Calderon-Zvgmund theory. Adv. Math. 165 (2002), no. 1, 124- 
164. 

[16] , Maximal operator and weighted norm inequalities for multilinear singular integrals, Indiana 

Univ. Math. J. 51 (2002), no. 5, 1261-1276. 

[17] L. Grafakos and Z. Si, The Hormander multiplier theorem for multilinear operators, J. Reine Angew. 
Math. 668 (2012), 133-147. 

[18] C. E. Kenig and P. A. Tomas, Maximal operators defined by Fourier multipliers, Studia Math. 68 
(1980), no. 1,79-83. 

[19] M. Lacey and C. Thiele, On Calderon 's conjecture, Ann. of Math. (2) 149 (1999), no. 2, 475^96. 

[20] A. Lemer, S. Ombrosi, C. Perez, R. Torres, and R. Trujillo-Gonzalez, Wew maximal functions and 
multiple weights for the multilinear Calderon-Zygmimd theory. Adv. Math. 220 (2009), no. 4, 1222- 
1264. 

[21] N. Michalowski, D. Rule, and W. Staubach, Multilinear pseudodifferential operators beyond Calderon- 
Zygmund theory. Preprint, |http://arxiv.org/abs/1206.4712] 

[22] E. M. Stein, Singular integrals and differentiability properties offimctions, Princeton Mathematical 
Series, No. 30, Princeton University Press, Princeton, N.J., 1970. 

[23] N. Tomita, A Hormander type midtiplier theorem for multilinear operators, J. Fund. Anal. 259 (2010), 
no. 8, 2028-2044. 

[24] Francisco Villarroya, Bilinear multipliers on Lorentz spaces, Czechoslovak Math. J. 58(133) (2008), 
no. 4, 1045-1057. 



16 



